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1. Introduction
Let Rn be the n-dimensional Euclidean space and denote by dx the standard volume element of it. Given 1  q < n,
0< θ  1, s > 1, deﬁne the number r by
1
s
− 1
r
= θ
(
1
s
− 1
q∗
)
, (1.1)
where q∗ = nqn−q , the critical Sobolev exponent.
The Gagliardo–Nirenberg (cf. [10,14]) states that there exists a constant C such that
( ∫
Rn
| f |r dx
) 1
r
 C
( ∫
Rn
|∇ f |q dx
) θ
q
( ∫
Rn
| f |s dx
) 1−θ
s
, f ∈ C∞0
(
R
n). (1.2)
When θ = 1, r = q∗ , inequality (1.2) then becomes the well-known Sobolev inequality
( ∫
Rn
| f |q∗ dx
)1/q∗
 C
( ∫
Rn
|∇ f |q dx
)1/q
, f ∈ C∞0
(
R
n). (1.3)
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( ∫
Rn
| f |2 dx
)1+(2/n)
 c
( ∫
Rn
| f |dx
)4/n ∫
Rn
|∇ f |2 dx, f ∈ C∞0
(
R
n). (1.4)
Another consequence of (1.2) is the logarithmic Sobolev inequality
∫
Rn
f 2 log f 2 dx n
2
log
(
C˜
∫
Rn
|∇ f |2 dx
)
, f ∈ C∞0
(
R
n),
∫
Rn
f 2 dv = 1. (1.5)
In fact, (1.5) can be obtained as the limit case when θ → 0, that is, r = 2 and s → r, s < r. To see this, let us ﬁrst notice the
fact that the constant C in (1.2) is independent of s (see [4]). We can rewrite (1.2) as
(‖ f ‖r
‖ f ‖s
)1/(1/s−1/r)

(
C0‖∇ f ‖q
‖ f ‖s
)1/(1/s−1/q∗)
, f ∈ C∞0
(
R
n),
where C0 = C1/θ . It then follows that
log‖ f ‖r − log‖ f ‖s
1/s − 1/r 
(
1/s − 1/q∗)−1 log(C0‖∇ f ‖q/‖ f ‖s), f ∈ C∞0 (Rn).
Thus, when s → r−, we get
∫
Rn
[
f r log
(
f
‖ f ‖r
)r]
dx
(
1/r − 1/q∗)−1‖ f ‖rr log
(
C0‖∇ f ‖q
‖ f ‖r
)
, f ∈ C∞0
(
R
n)
where we have used the fact that the function φ(u) = log‖ f ‖1/u satisﬁes
−‖ f ‖rrφ′(1/r) =
∫
Rn
[
f r log
(
f /‖ f ‖r
)r]
dv.
Therefore, replacing r = q = 2 and writing C˜ = C1/20 , we obtain (1.5).
These inequalities have been used extensively, in more general Riemannian manifolds, for the study of heat kernel
estimates. See for instance [3,6] and the references therein. Also, the authors in [4] presented the equivalence of various
functional inequalities such as Sobolev, Nash or Log-Sobolev inequalities on complete manifolds.
The best constant K (n,q) for the inequality (1.3) has been obtained by Aubin [2] and Talenti [18], independently. Namely,
they showed that
K (n,1) = n−1ω−
1
n
n
and
K (n,q) = 1
n
(
n(q − 1)
n − q
) q−1
q
(
Γ (n + 1)
nωnΓ (n/q)Γ (n + 1− n/q)
) 1
n
, q > 1,
where ωn is the volume of the unit ball B1(0) in Rn and Γ (z) =
∫∞
0 e
−ttz−1 dt , z ∈ C, Re(z) > 0 is the Gamma function.
If we denote by c(n) and C˜(n) the best constants for the inequalities (1.4) and (1.5), respectively, then
c(n) = 2((n + 2)/2)
(n+2)/n
nλN1 ω
2/n
n
and C˜(n) = 2
nπe
.
Here λN1 is the ﬁrst non-zero Neumann eigenvalue of the Laplacian operator in B1(0) (cf. [3,5,11]).
Recently, Del Pino and Dolbeault (see [7,8]) obtained the best constant for a class of Gagliardo–Nirenberg inequalities, as
will be seen below. We denote by Dp,q(Rn), p,q > 0, the completion of smooth compactly supported functions on Rn for
the norm ‖ · ‖p,q deﬁned by ‖u‖p,q = ‖∇u‖p + ‖u‖q .
Theorem 1.1 (Del Pino and Dolbeault). Suppose that
1< q < n, q < s q(n − 1) , nq < (n − q)s (1.6)
n − q
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r = q(s − 1)
q − 1 , θ =
(s − q)n
(s − 1)(nq − (n − q)s) . (1.7)
Then for any u ∈ Dq,s(Rn),
‖u‖r Φ‖∇u‖θq‖u‖1−θs . (1.8)
Here Φ is the best constant for the inequality (1.8) and is given by
Φ =
(
s − q
q
√
π
)θ( qs
n(s − q)
) θ
q
(
θ
qs
) 1
r
(
Γ (s q−1s−q )Γ (
n
2 + 1)
Γ (
q−1
q
δ
s−q )Γ (n
q−1
q + 1)
) θ
n
. (1.9)
The inequality holds in (1.8) if, and only if, for α ∈ R, β > 0, x¯ ∈ Rn,
u(x) = α(1+ β|x− x¯| qq−1 )− (q−1)(s−q) , ∀x ∈ Rn.
In [20], with the help of this signiﬁcant result, the author obtained metric and topological uniqueness theorems for
complete manifolds of non-negative Ricci curvature satisfying the inequality of type (1.8). This work generalizes the results
in [12,19]. The interested readers can check in [9,21] that some of these results also hold for a family of Caffarelli–Kohn–
Nirenberg inequalities.
In this paper, we study the Gagliardo–Nirenberg inequalities on Riemannian manifolds. We show that if (1.2) holds on an
n-dimensional complete Riemannian manifold for some positive constant A, then this constant must be bigger than or equal
to the best constant of the same inequality on Rn . We also show that a complete manifold with doubling volume property
has large volume growth and that a complete manifolds with asymptotically non-negative Ricci curvature admitting some
Gagliardo–Nirenberg inequality is not very far from the Euclidean space.
2. The Gagliardo–Nirenberg inequalities on Riemannian manifolds
In this section, we consider the Gagliardo–Nirenberg inequalities on Riemannian manifolds. Our purpose is to prove the
following result.
Theorem 2.1. Given 1 q < n, 0< θ  1, s > 1, deﬁne the number r by (1.1). Denote by Kopt the best constant in the inequality (1.2).
Let (Mn, g) be a complete non-compact Riemannian manifold with volume element dv. Suppose that there exists a constant A ∈ R
such that for all u ∈ C∞0 (M),
( ∫
M
|u|r dv
) 1
r
 A
( ∫
M
|∇u|q dv
) θ
q
( ∫
M
|u|s dv
) 1−θ
s
.
Then A  Kopt .
Proof. Arguing by contradiction, assume that A < Kopt and
( ∫
M
|u|r dv
)1/r
 A
( ∫
M
|∇u|q dv
)θ/q( ∫
M
|u|s dv
)(1−θ)/s
, ∀u ∈ C∞0 (M). (2.1)
Fix a point x ∈ M . For any  > 0 there exist a chart (Ω,φ) of M at x and a δ > 0 such that φ(Ω) = Bδ(0), the Euclidean ball
of radius δ centered at the origin in Rn , and that the components gij of g in this chart satisfy
(1+ )−1δi j  gij  (1+ )δi j (2.2)
in the sense of bilinear forms (see [11]). Choosing  small enough we get by (2.1) that there exist A′ < Kopt and δ0 > 0 such
that for any u ∈ C∞0 (B0(δ0))
( ∫ ∣∣u(x)∣∣r dx
)1/r
 A′
( ∫ ∣∣∇u(x)∣∣q dx
)θ/q( ∫ ∣∣u(x)∣∣s dx
)(1−θ)/s
.Bδ0 (0) Bδ0 (0) Bδ0 (0)
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( ∫
B0(δ0)
∣∣uλ(x)∣∣r dx
)1/r
 A′
( ∫
B0(δ0)
∣∣∇uλ(x)∣∣q dx
)θ/q( ∫
B0(δ0)
∣∣uλ(x)∣∣s dx
)(1−θ)/s
. (2.3)
Observe that
( ∫
B0(δ0)
∣∣uλ(x)∣∣r dx
)1/r
= λ− nr
( ∫
Rn
∣∣u(x)∣∣r dx
)1/r
,
( ∫
B0(δ0)
∣∣∇uλ(x)∣∣q dx
)θ/q
= λ θ(q−n)q
( ∫
Rn
∣∣∇u(x)∣∣q dx
)θ/q
and
( ∫
B0(δ0)
∣∣uλ(x)∣∣s dx
)(1−θ)/s
= λ n(θ−1)s
( ∫
Rn
∣∣u(x)∣∣s dx
)(1−θ)/s
.
Inserting the above equations in (2.3) we obtain
( ∫
Rn
∣∣u(x)∣∣r dx
)1/r
 λ
n
r + θ(q−n)q + n(θ−1)s A′
( ∫
Rn
∣∣∇u(x)∣∣q dx
)θ/q( ∫
Rn
∣∣u(x)∣∣s dx
)(1−θ)/s
.
From (1.1) we have that
n
r
+ θ(q − n)
q
+ n(θ − 1)
s
= 0.
Therefore, for any u ∈ C∞0 (Rn) we have
( ∫
Rn
∣∣u(x)∣∣r dx
)1/r
 A′
( ∫
Rn
∣∣u(x)∣∣s dx
)θ/s( ∫
Rn
∣∣∇u(x)∣∣q dx
)(1−θ)/q
.
This expression contradicts the fact that Kopt is the best constant for this inequality on Rn . 
3. Ricci curvature and the Sobolev type inequalities
In this section, we establish some geometric and topological properties for complete manifolds on which some Sobolev
type inequality holds. Let (Mn, g) be complete Riemannian manifold. Recall ﬁrst the deﬁnitions of polynomial volume
growth and doubling volume property.
Deﬁnition 3.1. We say that Mn has polynomial volume growth of degree at most n0 > 0, if there exists a positive constant
η such that
Vol
[
BR(p)
]
 ηRn0 , ∀R  1.
Doubling volume property. We say that Mn satisﬁes doubling volume property at x ∈ M if there exists a constant α > 0 such
that
Vol
[
B2R(x)
]
 αVol
[
BR(x)
]
, ∀R > 0. (3.1)
It is not hard to see that the constant α in the above inequality is no less than 2n . Observe that the doubling volume
property implies that
Vol
[
BR(p)
]
 αVol
[
B1(p)
] · R log2 α, ∀R  1 (3.2)
and so Mn has polynomial volume growth of degree at most log2 α.
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p ∈ Mn if
Ric(M,g)(x)−(n − 1)G
(
ρ(x)
)
, ∀x ∈ M, (3.3)
where ρ is the distance function on M from p and G ∈ C1([0,+∞)) is a non-negative function satisfying
+∞∫
0
tG(t)dt = b0 < +∞.
In this case, Mn satisﬁes the following volume growth property (see Corollary 2.17 in [16]):
Vol[BR(p)]
Vol[B R˜(p)]
 e(n−1)b0
(
R
R˜
)n
, ∀0< R˜ < R (3.4)
which implies easily that Mn has doubling volume property at p and
Vol
[
BR(p)
]
 e(n−1)b0ωnRn, ∀R > 0. (3.5)
Thus Mn has polynomial volume growth of degree at most n.
Euclidean volume growth. Assume that Mn has doubling volume property at p. If there exists a positive constant ξ such
that
Vol
[
BR(p)
]
 ξ Rn, ∀R > 0, (3.6)
then we say that Mn has Euclidean volume growth.
The ﬁrst result in this section says that a manifold with doubling volume property (3.1) on which the Gagliardo–
Nirenberg type inequality (1.2) holds must have Euclidean volume growth.
Theorem 3.1. Given 1  q < n, 0 < θ  1, s > 1, deﬁne the number r by (1.1). Let (Mn, g) be a complete non-compact Riemannian
manifold satisfying the doubling volume property (3.1). Suppose that there exists a constant c > 0 such that for all u ∈ C∞0 (M)
( ∫
M
|u|r dv
) 1
r
 c
( ∫
M
|∇u|q dv
) θ
q
( ∫
M
|u|s dv
) 1−θ
s
. (3.7)
Then, we have
Vol
[
BR(p)
]

[
c
(
α
θ
q + 1−θs )]− nθ Rn, ∀R > 0. (3.8)
Proof. Given R > 0, let us consider the function f : M → R by
f (x) =
⎧⎨
⎩
1 if x ∈ BR(p),
1− 1R dist(x, BR(p)) if x ∈ B2R(p)\BR(p),
0 if x ∈ M\B2R(p).
Observe that |∇ f | 1R a.e. in M. By an approximation procedure we can apply (3.7) to f to get
Vol
[
BR(p)
]1/r  c
(
1
R
)θ
Vol
[
B2R(p)
] θ
q + 1−θs . (3.9)
It follows from (3.1) and (3.9) that
Vol
[
BR(p)
] θ
n 
[
c
(
α
θ
q + 1−θs )]−1Rθ ,
that is
Vol
[
BR(p)
]

[
c
(
α
θ
q + 1−θs )]− nθ Rn.
This completes the proof of Theorem 3.1. 
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assume that there exists a positive constant c such that for all u ∈ C∞0 (M)
( ∫
M
|u|r dv
) 1
r
 c
( ∫
M
|∇u|q dv
) θ
q
( ∫
M
|u|s dv
) 1−θ
s
.
(a) If M has non-negative Ricci curvature, then the fundamental group π1(M) is ﬁnite and the order of π1(M) is bounded above by
ωn[c2n(
θ
q + 1−θs )] nθ .
(b) If the sectional curvature of M is non-negative, then M is diffeomorphic to the Rn.
Proof. (a) Since the Ricci curvature of M is non-negative, it follows from the Bishop–Gromov volume comparison theorem
that M satisﬁes the doubling volume property (3.1) with α = 2n for any x ∈ M , and that the function Vol[BR (p)]Rn is decreasing.
Thus limR→+∞ Vol[BR (p)]Rn exists and it doesn’t depend on p. From (3.8), we know that
lim
R→+∞
Vol[BR(p)]
Rn

[
c
(
α
θ
q + 1−θs )]− nθ .
It then follows from a result due to Anderson and Li (cf. [1,13]) that π1(M) is ﬁnite and the order of π1(M) is bounded
above by ωn[c2n(
θ
q + 1−θs )] nθ .
(b) It is obvious from Theorem 3.1 and a theorem due to Toponogov and Marenich [15] stating that a complete manifold
with non-negative sectional curvature and maximal volume growth is diffeomorphic to a Euclidean space. 
Our next result concerns the geometric properties of complete manifolds with asymptotically non-negative Ricci curva-
ture satisfying the inequality (1.8). Therefore, we assume from now on, that q, s, θ , r and Φ are as in (1.6)–(1.8).
Theorem 3.3. Let (Mn, g) be a complete non-compact Riemannian manifold with Ricci tensor satisfying (3.3) and suppose that for
any u ∈ C∞0 (M)
‖u‖r  C‖∇u‖θq‖u‖1−θs . (3.10)
Then for any R > 0, we have
Vol
[
BR(p)
]
 e−(n−1)b0
(
C−1Φ
) n
θ V (R), (3.11)
where V (R) denotes the volume of a ball of radius R in Rn.
Before proving Theorem 3.3, we need the following lemma, the proof of which is similar to the arguments used by
Ledoux and Xia (cf. [12,19–21]). For the sake of completeness, we will include it.
Lemma 3.4. Let (Mn, g) be a complete non-compact Riemannian manifold satisfying the property
limsup
R→+∞
Vol[BR(p)]
Rn
< +∞ (3.12)
for some point p ∈ M. Let ρ(x) = dist(x, p), x ∈ M, and suppose that the inequality (3.10) holds on M for some constant C > Φ. Then,
for all λ > 0
F (λ)
(
Φ
C
) n
θ
G(λ), (3.13)
where
F (λ) =
∫
M
dv
(λ + ρ(x) qq−1 ) s(q−1)s−q
, G(λ) =
∫
Rn
dx
(λ + ‖x‖ qq−1 ) s(q−1)s−q
. (3.14)
Proof. Firstly observe that F is well deﬁned and of class C1. Indeed, by Fubini’s theorem (see [17]),
F (λ) =
+∞∫
Vol
{
x:
1
(λ + ρ(x) qq−1 ) (q−1)ss−q
> h
}
dh. (3.15)0
378 L. Adriano, C. Xia / J. Math. Anal. Appl. 371 (2010) 372–383The hypothesis (3.12) implies that there exists a positive constant A such that Vol[BR(p)]  ARn , ∀R > 0. Making the
variable change
h = 1
(λ + t qq−1 ) (q−1)ss−q
in (3.15), we get
F (λ) = qs
s − q
+∞∫
0
Vol
[
Bt(p)
] t 1q−1
(λ + t qq−1 ) (s−1)qs−q
dt
 qsA
s − q
+∞∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt. (3.16)
Since s < nqn−q , we have
n + 1
q − 1 −
q2(s − 1)
(q − 1)(s − q) = n +
1
q − 1 −
q2
q − 1 −
q2
s − q < −1.
Thus 0 F (λ) < +∞, ∀λ > 0 and F is differentiable. Also, we have
F ′(λ) = − (q − 1)s
s − q
∫
M
dv
(λ + ρ qq−1 ) (s−1)qs−q
. (3.17)
By an approximation procedure, we can apply (3.10) to (λ + ρ qq−1 )− q−1s−q for every λ > 0 to get
( ∫
M
dv
(λ + ρ qq−1 ) (s−1)qs−q
) 1
r
 C
(
q
s − q
)θ( ∫
M
ρ
q
q−1 dv
(λ + ρ qq−1 ) (s−1)qs−q
) θ
q
( ∫
M
dv
(λ + ρ qq−1 ) (q−1)ss−q
) 1−θ
s
which, combining with (3.17) gives
(
− s − q
(q − 1)s F
′(λ)
) 1
r
 C
(
q
s − q
)θ(
F (λ) + s − q
(q − 1)sλF
′(λ)
) θ
q
F (λ)
1−θ
s .
Hence, F satisﬁes the following differential inequality
(−F ′(λ)) qθr  l
(
F (λ) + s − q
(q − 1)sλF
′(λ)
)
F (λ)
(1−θ)q
θ s , (3.18)
where
l = C qθ
(
q
s − q
)q(
(q − 1)s
s − q
) q
θr
.
By deﬁnition, we can easily get that
G(λ) = qsωn
s − q
+∞∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt. (3.19)
Observe that when M = Rn and C = Φ , for each λ > 0, the function vλ : Rn → R deﬁned by
vλ =
(
λ + |x| qq−1 )− q−1s−q (3.20)
is an extremal function in inequality (1.8), that is,
( ∫
Rn
vrλ dx
) 1
r
= Φ
( ∫
Rn
|∇vλ|q dx
) θ
q
( ∫
Rn
vsλ dx
) 1−θ
s
, (3.21)
and by the previously arguments, the above equality can be expressed by
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(
G(λ) + s − q
(q − 1)sλG
′(λ)
)
G(λ)
(1−θ)q
θ s , (3.22)
where
l˜ = Φ qθ
(
q
s − q
)q(
(q − 1)s
s − q
) q
θr
.
Substituting
G(λ) = G(1)λ(q−1)( nq − ss−q )
into (3.22), we have
(
1− n(s − q)
qs
) q
θr
= Φ qθ
(
q
s − q
)q(
(s − q)n
qs
)
G(1)
q
θ
( θq + 1−θs − 1r )
= Φ qθ
(
q
s − q
)q(
(s − q)n
qs
)
G(1)
q
n . (3.23)
Consider the constant B given by
(
1− n(s − q)
qs
) q
θr
= C qθ
(
q
s − q
)q(
(s − q)n
qs
)
B
q
n . (3.24)
One can check that the function
H0(λ) = Bλ(q−1)(
n
q − ss−q ), λ ∈ (0,+∞)
satisﬁes the differential equation
(−H ′0(λ))
q
θr = l
(
H0(λ) + s − q
(q − 1)sλH
′
0(λ)
)
H0(λ)
(1−θ)q
θ s . (3.25)
It follows from (3.23) and (3.24) that
B =
(
Φ
C
) n
θ
G(1) (3.26)
and so
H0(λ) =
(
Φ
C
) n
θ
G(λ). (3.27)
We claim that if F (λ0) < H0(λ0), for some λ0 > 0, then F (λ) < H0(λ), ∀λ ∈ (0, λ0]. Indeed, suppose that there exists some
λ˜ ∈ (0, λ0) such that F (λ˜) H0(λ˜).
Set
λ1 = sup
{
λ < λ0; F (λ) H0(λ)
}
.
Then for any λ ∈ [λ1, λ0], F (λ) H0(λ), and so we have from (3.18) that
(−F ′(λ)) qθr  l
(
H0(λ) + s − q
(q − 1)sλF
′(λ)
)
H0(λ)
(1−θ)q
θ s . (3.28)
For each λ > 0, the function φλ : [0,+∞) → R deﬁned by
φλ(t) = t qθr + lλ(s − q)t
(q − 1)s H0(λ)
(1−θ)q
θ s
is increasing. Hence, when λ ∈ [λ1, λ0], we deduce from (3.28) and (3.25) that
φλ
(−F ′(λ)) lH0(λ)1+ (1−θ)qθ s
= φλ
(−H ′0(λ)),
which gives
−F ′(λ)−H ′ (λ), ∀λ ∈ [λ1, λ0].0
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0 (F − H0)(λ1) (F − H0)(λ0) < 0
which is a contradiction.
Let us come back to the expression of F (λ). From the local geometry of M we have that
lim
h→0
Vol[Bh(p)]
V (h)
= 1.
Thus, for a small  > 0 ﬁxed, there exists δ > 0 such that
Vol
[
Bh(p)
]
 (1− )V (h), ∀h δ.
It then follows that
F (λ) = qs
s − q
+∞∫
0
Vol
[
Bt(p)
] t 1q−1
(λ + t qq−1 ) (s−1)qs−q
dt
 qs
s − q
δ∫
0
Vol
[
Bt(p)
] t 1q−1
(λ + t qq−1 ) (s−1)qs−q
dt
 qs
s − q (1− )
δ∫
0
V (t)
t
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt
= qs
s − q (1− )λ
(q−1)n
q +1− q(s−1)s−q
δλ
1−q
q∫
0
V (z)
z
1
q−1
(1+ z qq−1 ) (s−1)qs−q
dz.
On the other hand, from (3.19) we have
G(λ) = qs
s − qλ
(q−1)n
q +1− q(s−1)s−q
+∞∫
0
V (z)
z
1
q−1
(1+ z qq−1 ) (s−1)qs−q
dz.
Thus
F (λ)
G(λ)
 (1− )
∫ δλ 1−qq
0 V (z)
z
1
q−1
(1+z
q
q−1 )
(s−1)q
s−q
dz
∫ +∞
0 V (z)
z
1
q−1
(1+z
q
q−1 )
(s−1)q
s−q
dz
.
Hence
lim inf
λ→0
F (λ)
G(λ)
 1− .
Letting  → 0, we get
lim inf
λ→0
F (λ)
G(λ)
 1. (3.29)
Since C > Φ, we obtain from (3.27) and (3.29) that
lim inf
λ→0
F (λ)
H0(λ)
=
(
C
Φ
) n
θ
lim inf
λ→0
F (λ)
G(λ)

(
C
Φ
) n
θ
> 1.
The above claim then implies that
F (λ) H0(λ), ∀λ > 0. 
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Case 1: C > Φ. We argue by contradiction. Suppose that there exists some h0 > 0 such that
Vol[Bh0(p)]
V (h0)
< e−(n−1)b0
(
Φ
C
) n
θ
.
Then
Vol[Bh0(p)]
V (h0)
= e−(n−1)b0
(
Φ
C
) n
θ
− 0 (3.30)
for some 0 > 0. For every h h0, it follows from (3.4) and (3.30) that
Vol[Bh(p)]
V (h)
 e(n−1)b0 Vol[Bh0(p)]
V (h0)
=
(
Φ
C
) n
θ
− e(n−1)b00. (3.31)
From Lemma 3.4, we know that
0
+∞∫
0
[
Vol[Bt(p)]
V (t)
−
(
Φ
C
) n
θ
]
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt
=
h0∫
0
Vol[Bt(p)]
V (t)
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt +
+∞∫
h0
Vol[Bt(p)]
V (t)
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt
−
(
Φ
C
) n
θ
+∞∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt. (3.32)
From (3.4), we have
Vol[Bt(p)]
V (t)
 e(n−1)b0 , ∀t > 0.
Hence
0 e(n−1)b0
h0∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt +
+∞∫
h0
[(
Φ
C
) n
θ
− e(n−1)b00
]
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt
−
(
Φ
C
) n
θ
+∞∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt
= e(n−1)b0
h0∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt +
+∞∫
0
[(
Φ
C
) n
θ
− e(n−1)b00
]
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt
−
h0∫
0
[(
Φ
C
) n
θ
− e(n−1)b00
]
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt −
(
Φ
C
) n
θ
+∞∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt
=
(
e(n−1)b0 + e(n−1)b00 −
(
Φ
C
) n
θ
) h0∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt − e(n−1)b00
+∞∫
0
tn+
1
q−1
(λ + t qq−1 ) (s−1)qs−q
dt

(
e(n−1)b0 + e(n−1)b00 −
(
Φ
C
) n
θ
)
λ
− q(s−1)s−q h
n+1+ 1q−1
0
(n + 1+ 1q−1 )
− e(n−1)b00 s − q
qsωn
G(λ)
=
(
e(n−1)b0 + e(n−1)b00 −
(
Φ
C
) n
θ
)
λ
− q(s−1)s−q h
n+1+ 1q−1
0
(n + 1+ 1 ) − e
(n−1)b00
s − q
qsωn
λ
(q−1)( nq − ss−q )G(1).q−1
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e(n−1)b00
s − q
qsωn
G(1) λ−1−
n(q−1)
q
(
e(n−1)b0 + e(n−1)b00 −
(
Φ
C
) n
θ
)
h
n+1+ 1q−1
0
(n + 1+ 1q−1 )
.
Letting λ → +∞ one obtains a contradiction. This completes the proof of Theorem 3.3 in the case that C > Φ.
Case 2: C = Φ. In this case we have for any ﬁxed δ > 0 that
‖u‖r  (Φ + δ)‖∇u‖θq‖u‖1−θs .
Thus, we have from Case 1 that
Vol
[
BR(p)
]
 e−(n−1)b0
(
Φ
Φ + δ
) n
θ
V (R), ∀R > 0.
Letting δ → 0, one obtains that
Vol
[
BR(p)
]
 e−(n−1)b0V (R), ∀R > 0.
This completes the proof of Theorem 3.3 for the case C = Φ. 
It has been shown by Zhu [22] that given δ > 0, there is an (n, δ) such that if a complete non-compact Riemannian
manifold Mn with sectional curvature satisfying
K (x)−G(ρ(x)),
+∞∫
0
tG(t)dt  
and
Vol
[
BR(p)
]

(
1
2
+ δ
)
V (R), ∀R > 0,
then the distance function ρ = d(p, ·) : M → R has no critical points and hence M is diffeomorphic to Rn . Combining this
Zhu’s theorem with Theorem 3.3, we have
Corollary 3.5. Let (Mn, g) a complete non-compact Riemannian manifold. Fix a δ ∈ (0, 12 ), there exists a b0 = b0(n, δ) > 0 such that,
if the sectional curvature of M satisﬁes
K (x)−G(ρ(x)),
+∞∫
0
tG(t)dt  b0
and that the inequality (3.10) holds on M with C < ( 12 + δ)−
θ
n Φ , then M is diffeomorphic to Rn.
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